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WHILE the development of practical, three-dimensional,
lifting-surface theories1 ~4 for flutter analysis through-

out the various Mach number regimes was still in its infancy,
Etkin5 (pp. 161-164) pointed out the usefulness of the theory
of oscillating wings for calculating dynamic stability deriva-
tives. Etkin demonstrated the calculation using the two-
dimensional solution of Theodorsen,6 presumably because
he was not in a position to make three-dimensional calcula-
tions. He immediately ran into the difficulty that the two-
dimensional solution does not possess a Maclaurin series in
the reduced frequency since the derivative of the imaginary
part of Theodorsen' s function has a logarithmic singularity
at zero frequency. Although Etkin emphasized that this
difficulty did not arise in the three-dimensional case, perhaps
the unfortunate behavior of the two-dimensional solution has
tended to discourage many Stability and Control Engineers
from following the progress in oscillatory aerodynamic
theory that has occurred since publication of Etkin' s book
(1959). (The appearance of a new aircraft stability hand-
book7 seems to support this opinion.) Surveys of this
progress have been presented in 1962 by Rodden and Re veil,8
in 1965 by Ashley, Widnall, and Landahl,9 and in 1968 by
Landahl and Stark.10 It is the purpose of this Note to re-
state Etkin' s case for use of oscillatory aerodynamic theory
in the context of the current state-of-the-art of unsteady
lifting-surface theory and to extend his method to obtain
higher-order derivatives.

Before considering the calculation of dynamic stability
derivatives, it may be well to place the concept of dynamic
stability derivatives in perspective. Quoting Etkin5 (pp.
122-123), "The method of treating the aerodynamic force
and moment perturbations which is given below is essen-
tially that introduced by Bryan.11 It leads to a form for the
equations of motion that has been used with great success
during the past half century. Despite this success, however,
the method is not (mathematically speaking) sound. In-
deed it does not give correct answers in certain cases where
the aerodynamic forces change very rapidly as in the penetra-
tion of a sharp-edged gust at high speed, or when a control
is very rapidly displaced." The basic limitation of the
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method of Bryan is its inability to account for the lagging
mechanism of aerodynamic loads, i.e., the loads depend not
only on the instantaneous motion but also its time history;
Bryan's method has no "memory." In the case of oscillatory
motion, which is the subject of this paper, these limitations
appear in the form of phase shifts. Alternative methods have
been proposed by Temple12 and Etkin13 which are not subject
to these objections. However, despite the shortcomings of
Bryan's method, it is obvious that it will continue to be an
effective engineering tool for some time to come. With due
respect for Bryan's heritage but with the limitations of his
theory clearly in mind, we now address ourselves to the
calculation of dynamic stability derivatives using steady and
oscillatory lifting-surface theory.

It is sufficient for illustrative purposes to consider the
longitudinal derivatives for pitch rate q = 6, and for rate of
change of angle of attack a. The Maclaurin series for the
longitudinal stability derivatives appears as

C, = Czo + CZaa + C,A(ac/2V) + CZq(6c/2V) +
^2) + CU0c2/4F2) + . . . (1)

. . . (2)

The intercept values CZQ and CmQ will be omitted from further
consideration since they cannot be estimated from oscilla-
tory aerodynamic theory. We note also that, although the
derivatives CZ(X, Cmay Czq, and Cmq may be estimated by oscil-
latory aerodynamic theory for low reduced frequency, they
are static derivatives that should be determined as such.
We, therefore, assume in the following that the static deriva-
tives are known. Truncating the series in Eqs. (1) and (2)
with the velocity terms, deleting CZo and CTOO, and considering
the case of harmonic pitching % at frequency w, 6 = a =
aoRl(e/l03t), we find the lift and moment coefficients to be

Cm = Cmo + Cmaa + Cm(.(ac/2V) + Cnq(6c/2V)

Cz = (3)

and

Cm = Rl(cmeiut) (4)

where the complex amplitudes of the coefficients are

ik(C,A
ik(Cm6l

(5)

(6)

and k = coc/2V is the reduced frequency in which c is the
reference chord and V is the freestream velocity.

We next consider deriving the complex coefficients from
oscillatory aerodynamic theory. A complex matrix of fre-
quency dependent oscillatory aerodynamic influence coeffi-
cients (AIC's) [Ch] has been defined in Ref . 8 that relates the
column matrix of control point forces {F} , positive downward,

J Note that the motion with amplitude «0 is not pure "pitch-
ing" but a combination of pitch and plunge (or change in flight
path angle) as these motions are usually comprehended in
stability and control analysis.
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Table 1 Lift and moment coefficients for pitching and plunging of a typical jet transport wing at a Mach number of 0.8

Pitching Plunging

Cz/O

0.001
0.002
0.004
0.005
0.010
0.020
0.040
0.050
0.100

-5.862 + 10.0066
-5.862 + 10.0131
-5.861 + 10.0262
-5.860 + 10.0327
-5.854 -f 10.0649
-5.832 -f iO.1256
-5.755 -f 10.2250
-5.704 + 10.2617
-5.405 + 10.3169

-7.481 -h 10.0055
-7.481 + 10.0109
-7.480 + 10.0217
-7.479 + 10.0271
-7.471 + 10.0535
-7.443 + 10.1015
-7.342 + 10.1684
-7.277 -h 10.1851
-6.889 + 10.1033

-5.862 -f 10.0126
-5.862 + 10.0252
-5.860 + 10.0504
-5.860 + iO.0630
-5.853 + 10.1253
-5.826 -f 10.2458
-5.730 + 10.4612
-5.667 + 10.5534
-5.283 -f 10.8568

-7.481 + 10.0158
-7.481 + 10.0315
-7.480 + iO.0630
-7.478 -f 10.0787
-7.469 + 10.1566
-7.435 -h 10.3069
-7.312 + iO.5740
-7.232 + 10.6876
-6.742 + il.0543

to the deflections { h } , positive downward, of the same points
through the equation §

{F} = pco2(c/2)2s«/([CA]{/i}e^) (7)

where p is the density and 5 is the reference semispan. From
Eq. (7), the downward lift Z and nose-up pitching moment
M about station £0 leads to the corresponding coefficients.

Cz = Z/$pV*S (8a)

Cz = Rl(Cze^) (8b)

where

and

where

Gz = 2k

Cm

Cn

Cm =

(9)

OOa)

(lOb)

(11)

In the preceding [7 j and [XQ — x\ denote row matrices of unity
and lever arms, respectively, and S is the reference area.

To obtain C2« and Cw«, it is necessary to evaluate Eqs. (9)
and (11) for pitching motion at some reduced frequency k.
For pitching about station x\ with amplitude a0, the deflec-
tion mode is {h} = a0{xi — x\ . By identifying the resulting
imaginary parts of Eqs. (9) and (11) at the same reduced
frequency with Eqs. (5) and (6) the derivatives CZd and Cmd

follow since Czg and Cmq are already known. The resulting
values are somewhat dependent on the choice of reduced fre-
quency k. Strictly speaking, the dynamic stability deriva-
tives are denned by limiting values as k approaches zero. A
small value of k may be chosen for the calculation, but large
enough not to create numerical round-off errors, to obtain
reliable results. An alternate approach is to choose k large
enough to cover the range of frequency of interest, say,
in autopilot studies. In this manner, the dynamic deriva-
tives become representative of the frequencies of interest
rather than just at the limit of zero frequency. If the range
of frequency is very large, it may be necessary to include
higher-order dynamic stability derivatives as shown in Eqs.
(1) and (2). In this case, truncating the series with the
acceleration terms and again considering harmonic pitching,
we find

= C,

§ In connection with the estimation of the intercept values
CZ(I and Cmo and the static derivatives Cz Cma) Ref. 8
has defined static AIC's by the equation {F} = (qS/c)[Ch8\{h}.
The a. derivatives are determined by a linear streamwise (x direc-
tion, positive forward) variation in deflection from the point of
rotation x\, i.e., { h } = a\Xi — x}. The q derivatives are deter-
mined from an effective parabolic camber so the deflection has a
quadratic streamwise variation, i.e., { h } — q{(x\ — x)2}.

Cm.) (13)

We observe here that the acceleration terms appear only as
their sum so it becomes necessary also to consider harmonic
plunging with amplitude hQ [6 = 0. a = h/V = (h»/V)-
Rl(i<*3elat)]. For harmonic plunging, we find

(14)

(15)

Evaluating Eqs. (9) and (11) for the plunging motion {h} =
ho{I} at the reduced frequency k leads to Cz» and Cm~ from
the imaginary parts since CZct and C,»a are known. Then
from the previous evaluation of Eqs. (9) and (11) for the
pitching motion, the real parts lead to C-^ and Cm^ in Eqs.
(12) and (13) since all of the other derivatives are already
known.

As an example of the previous procedure, we consider a
typical jet transport wing having an aspect ratio of 8.0, a
taper ratio of 0.25, a quarter-chord sweep of 30°, and flying
at a Mach number of 0.8. The moment coefficient is re-
ferred to the pitching axis location at the quarter-chord
point of the mean aerodynamic chord. Table 1 summarizes
the complex lift and moment coefficients for 9 values of re-
duced frequency in the range 0.001-0.100. The calculations
were carried out using the oscillatory lifting-surface method
described in Ref. 14 which is based on the Doublet Lattice
Method of Albano and Rodden.15 The static derivatives were
calculated by a steady lifting-surface method described in
Ref. 16 which is based on the Vortex Lattice Method of
Hedman.17 The static derivatives were found to be CZa =
-5.862, Cma - -7.482, CZq = -6.050, and Cmq = -10.323.
Table 2 presents values of C^ based on Eqs. (5) and (9)
and Cmd based on Eqs. (6) and (11) calculated in the sequence
outlined previously ; the Table also presents the values of the
acceleration derivatives Cz.., Cm... C,., and Cm. based on

a' a' q1 q
Eqs. (9), (11), and (12-15) computed as outlined previously.
Some dependence of the coefficients on the chosen value of
frequency is evident in the Tables. The frequency de-
pendence is particularly evident in the coefficients Cz.. and
Cm.. at low reduced frequencies. However, practical use of

a

the results can be made by selecting values of the derivatives
in the frequency range representative of the aircraft maneu-
vering or autopilot characteristics. In this sense we have a
variation on the least-squares method of Goland18 which he
applied to approximate the damping of a two-dimensional
airfoil with a control surface in an incompressible flow.

A procedure may be followed to reduce the frequency de-
pendence of the damping and acceleration derivatives by de-
laying truncation of the series of Eqs. (1) and (2) to a point
where the coefficients may be based on two reduced fre-
quencies ki and &2 rather than just the one required by the
previous technique. If we extend Eq. (1) to include the terms

+ C2..(0c3/8F3) + Cz
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Table 2 Estimates of Cz., Cm ., C,.., Cm.., €,., and Cm.a a ct a q q
based on a single value of k

K v _ > 2 . v _ / m . (-/£.. 0 TH... ^2 • ^ TO •

0.001
0.002
0.004
0.005
0.010
0.020
0.040
0.050
0.100

12.62
12.62
12.60
12.59
12.53
12.29
11.52
11.07
8.57

15.77
15.77
15.72
15.72
15.66
15.34
14.30
13.70
10.54

173.0
113.8
100.9
98.8
94.7
90.9
82.4
77.9
57.9

226.0
145.8
129.6
127.0
122.5
117.4
105.9
100.0
74.0

-16.5
-16.5
-16.5
-16.5
-16.4
-15.8
-15.2
-14.5
-12.1

-20.2
-20.2
-20.2
-20.2
-20.2
-19.4
-18.8
-18.5
-14.6

a...(07FcVl674),, and Eq. (2) to include the terms Cw..(
' '

16F4), then Eqs. (12) and (13)become

= CZa + ik(CZd + CZq) - W

tfc'(C,.» + Cz..) + k*

+ Cmq)-

and Eqs. (14) and (15) become

= ikCZ - k*CZ(k -

c) = ikCm -

(16)

(17)

(18)

(19)

Evaluating Eqs. (9) and (11) for both pitching and plunging
motions at both reduced frequencies k\ and k2 and identifying
the real and imaginary parts with their correspondents in
Eqs. (16-19) leads to a sufficient number of simultaneous
equations so that all of the dynamic stability derivatives can
be determined. Although the higher-order stability deriva-
tives may be required by, say, the frequency characteristics
of an automatic control system, 1f for the present, they are
only regarded as a means to an end, i.e., of refining the ve-
locity and acceleration derivatives, and are not shown. The
refined estimates of the velocity and acceleration derivatives
are shown in Table 3 for various pairs of representative re-
duced frequencies. Again, a frequency dependence is evi-
dent but less so than that observed in Table 2 for all deriva-
tives except, as before, C*« and Cm«. Thus, the selection of
representative values is more convenient. Comparing Tables
2 and 3, we note that the average values in Table 3 are larger
in magnitude than their counterparts in Table 2. The reason
is that the higher order derivatives have been separated out
in Table 3, whereas they are implicitly present in Table 2.

Table 3 Estimates of Cz , Cm , C,.., Cm..9 Ct.. and Cw.a a a. a q' q
based on two values of k

*„*,
0.001,0.
0.002,0.
0.005,0.
0.010,0,
0.020,0
0.050,0

002
,004
.010
.020
.040
.100

a.a
12.62
12.62
12.62
12.61
12.55
11.90

c,
15.
15.
15.
15.
15.
14.

a

77
77
77
77
.68
.82

Cz..a
192.
118.
100,
96
93
84,

,8
.0
.2
.0
.8
.6

c* r*U«.. 0^

255.
163,
128,
124
121
108

.0

.3

.8

.2

.2

.6

-16.
-16.
-16.
-16.
-16,
-15

.5
,5
.5
.5
.4
7

mq

-20.2
-20.2
-20.2
-20.2
-20.0
-19.2

The behavior of Cz» and Cm» as k approaches zero is singular
like /b"1 since their evaluation is equivalent to, e.g.,

C,« = ]imRl[(d*/dk*)(Cg/ao) + (l/k)(d/dk)(C ,/*<>)] (20)
a k->0

If the first derivative is finite, the singular behavior appears
and reflects the limitation of Bryan's method; higher-order
stability derivatives will possess higher-order singularities.
It should not be inferred from this limitation that Cz and Cm
are not analytic functions of k on three-dimensional wings
since Miles19 has indicated that they probably are analytic.
The limitation is_ clearly seen in Eqs. (18) and (19) wherein
the real parts of Cz and Cm must be expressed as a power series
in k using only even powers of fc, while the power series for the
imaginary parts uses only odd powers. The oscillatory aero-
dynamic theory, being completely general, has no such re-
striction, and both real and imaginary parts can be expressed
as a power series in k using both even and odd powers.**
The singular behavior is apparent for Cz^ and Cm~ in Tables
2 and 3 for small values of k. The singularity, however,
is very localized and shows itself only at very small values of
k. This indicates that the singularity is very weak, i.e.,
the coefficient of l/k is very small. For the case of two-
dimensional flow, the coefficient of the l/k term (related to
the real part of the Theodorsen function) is by no means
small. However, it is encouraging to note that, even for the
high aspect ratio wing considered, this coefficient remains
small. As before, practical use of the results can be made
by selecting values of the derivatives representative of the
frequency range of interest.

In the final analysis, however, perhaps the only mathe-
matically rigorous approach to the inclusion of three-dimen-
sional oscillatory aerodynamic theory is to adapt Fourier
Transform techniques to meet the requirements of Stability
and Control Analyses since oscillatory aerodynamic solutions
are to be regarded as Fourier Transforms of transient aero-
dynamic solutions. The development of the "Fast Fourier
Transform" technique by Cooley and Tukey20 makes such
an approach computationally feasible. The procedure
would be to determine the frequency response of the vehicle
to a harmonic excitation, e.g., stick motion or control surface
motion. The inverse Fourier transform of the frequency
response is then the response time history to an impulsive
input. From the time history, the stability of the various
response modes, e.g., phugoid or Dutch roll, may be esti-
mated. For arbitrary inputs (other than impulsive), the
response may be found by convolution of the system fre-
quency response and the input frequency response.

It was considered sufficient to illustrate the use of un-
steady AIC's for the calculation of longitudinal stability
derivatives. Similarly, it should be apparent that many of
the lateral-directional dynamic stability derivatives can also
be found from oscillatory aerodynamic theory. However,
theoretical prediction of stability derivatives for complete
aircraft is not yet within the state of the art. This is so in
the longitudinal case because unsteady wing-fuselage-tail
interference theory has only recently attracted serious in-
vestigation. We note, however, that the Doublet Lattice
Method, applied here to a planar wing, can be applied in its
nonplanar form to wing-fuselage-tail interference if the
fuselage is idealized as an annular wing; the validity of the
idealization remains to be seen. In the lateral-directional
case, theoretical prediction methods are somewhat limited

If It should be noted that their inclusion in the equations of
motion will result in increasing the order of the system of differ-
ential equations.

** A possible approach to reducing the incompatibility might
be to disregard the terms in the series for the oscillatory coeffi-
cients that have no counterpart in Bryan's method, i.e., to dis-
regard the odd powered terms in the real part and the even
powered terms in the imaginary part.
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again because of fuselage interference, but also because the
problem of unsteady induced drag has not yet been solved
in general. Belotserkovskii'21 (pp. 29-33) has considered
the Kutta-Joukowsky Theorem "in the small" for unsteady
flow. As such, it can only be used for prediction of normal
components of aerodynamic loads, and cannot be used to ob-
tain the distribution of the so-called leading edge suction
force. The unsteady suction forces are an essential in-
gredient in the calculation of rotary derivatives. Much
work remains to be done, but we cannot agree with the
pessimistic evaluation of the state of the art for determining
stability derivatives given in Ref. 7, but then—we do not
restrict the use of oscillatory aerodynamic theory to flutter
analysis.
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Starting Criterion for
Hypersonic Inlets

THEODORE J. GOLDBERG* AND JERRY N. HEFNER|
NASA Langley Research Center, Hampton, Va.

THE starting criterion for supersonic diffusers, which
assumes that the maximum contraction ratio can be

calculated solely from normal shock losses, is not valid in some
hypersonic applications. This invalidity has been demon-
strated in wind-tunnel tests of an early design hypersonic
scramjet inlet with a large turbulent boundary layer relative
to the inlet height.1 The purpose of this Note is to present
experimental results that show quantitatively when the
assumption of only normal shock losses in the starting criteria
is adequate.

A one-dimensional adiabatic flow analysis,2 assuming
negligible back pressure, shows that for a supersonic wind
tunnel incorporating a second minimum or for a fixed geom-
etry inlet (Fig. la) starting is a function of total pressure
recovery Pt,2/Pt,i, contraction ratio A\/A^, and Mach number
MI. Since the maximum contraction ratio for starting is
obtained when the flow at the second minimum is sonic, the
previous parameters can be expressed by the following equa-

WIND TUNNEL

TWO-DIMENSIONAL INLET

a) FIXED GEOMETRY CONFIGURATIONS

I .08

1 2 3 4 5 6
INLET MACH NUMBER,M,

b) EFFECT OF TOTAL PRESSURE RECOVERY

Fig. 1. Starting parameters for hypersonic diffusers.
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